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GRIFFITH  RELATION  FOR  SURFACE  CRACKS  PLACED  IN  BENDING 

F.  F.  Langs 

Westinghouse  Research  Laboratories 
Pittsburgh,  Pennsylvania  15235 


ABSTRACT 


The  relation  between  flexural  strength  and  crack  size  was 
investigated  >:sing  glass  specimens  containing  semi-elliptical  shaped 
surface  cracks  with  different  lengths  and  depths.  The  value  of  the 
dimensionless  factor  in  the  Griffith  fracture  equation  was  found  to 
vary  between  2  to  3.8  depending  on  the  crack  depth  to  specimen  thickness 
ratio.  These  results  were  compared  to  the  theoretical  results  of  others. 
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INTRODUCTION 


Griffith'^  was  the  first  to  recognize  the  relation  between 

strength  and  crack  size.  His  thermodynamic  treatment  of  this  subject 

* 

leads  to  the  following  relation: 


°c  =  A  ^ 


where  oc  is  the  critical  applied  tensile  stress  that  causes  a  crack 
of  length  c  to  propagate.  The  material  properties  E  and  y  are  the 
Ycmg’s  Modulus  and  fracture  energy,  respectively.  A  is  a  dimensionless 


factor. 


An  important  scientific  and  engineering  property  of  this 


expression  is  that,  after  rearrangement ,  it  can  be  used  as  an  analytical 
tool  to  estimate  the  size  of  the  crack  responsible  for  fracture: 


C  =  r? 


To  use  this  tool,  knowledge  of  the  material  properties,  viz.  strength, 
elastic  modulus,  and  fracture  energy,  and  the  factor  A  is  required. 


This  relation  is  for  Diane  stress  conditions.  For  olane  strain 

P-1/2 

conditions,  a  factor  of  (1-p)  must  be  included,  where  v  = 

(?) 

Poisson's  Ratio.  When  v  '■  0.2,  this  factor  makes  little  difference 
in  Eq.  (1). 
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Ihe  factor  A  is  the  principal  concern  in  this  paper.  Its 

value  depends  on  several  conditions s  e.g. ,  the  mode  of  stressing,  the 

ratio  of  specimen  size  to  crack  size  and  the  type  of  crack  under 

consideration.  Since  flexural  tests  are  canaxly  used  to  measure 

the  strength  of  ceramics,  it  was  the  author’s  purpose  to  experimentally 

obtain  the  value  of  A  for  the  case  of  a  rectangular  shaped  specimen 

(in 

containing  a  surface  crack  placed  in  bending.  Smith,  et  al. , 
have  published  theoretical  results  concerning  semi-circular  surface 
cracks  within  a  semi-infinite  plate  placed  in  pure  bending.  A  correlation 
of  the  experimental  data  with  these  theoretical  results  will  be  made 
with  respect  to  the  relation  between  crack  size  and  specimen  dimensions. 
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EXPERIMENTAL 

#  , 

Glass  microscope  slides  (0.1  to  2.5  by  7.5  cm)  were  used 
as  specimens  for  the  following  reasons: 

(1)  Both  the  fracture  energy  and  the  Young's  Modulus 

(cr\ 

have  been  reported  for  this  glass. 

(2)  Cracks  can  be  slowly  introduced  into  most  glasses 
because  they  sti-ess  corrode  easily.  ^ 

(3)  Glass  exhibits  c.onchoidal  fracture  which  helps 
to  define  the  boundary  of  the  crack  by  examining 
the  fracture  surface. 

Surface  cracks  of  the  configuration  shown  in  Fig.  1  were 
introduced  into  the  center  of  each  glass  slide  by  first  scribing  with 
a  diamond  point.  The  scribed  surface  was  then  turned  over  onto  a 
hollow  cylinder.  A  crack  was  forced  to  propagate  to  the  desired 
depth  by  pressing  the  surface  opposite  to  the  scribe  mark  with  a  blunt- 
pointed  instrument.  This  was  carried  out  under  a  binocular  microscope, 
with  oblique  limiting.  In  most  cases,  the  crack  was  extended  beyond 
the  scribe  mark.  Using  this  technique,  cracks  with  lengths  >  0.03  cm  and 
depths  >  0.005  cm  could  be  formed  easily.  It  should  be  noted  that  not 

* - 

Conposition  in  weight  percent:  72.8  SiO^,  12.0  Na^O,  8.8  CaO,  3.5 

MgO,  0.9  A1203,  0.15  Fte203,  0.1  K203. 
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all  scribe  marks  were  satisfactory.  Some  formed  many  small  cracks. 
Others,  although  observed  plainly  to  be  depressions  by  using  the  Nomarski 
interference  contrast  technique,  would  not  form  cracks.  Such  specimens 
were  discarded. 

Cracks  with  lengths  <  0.02  cm  could  only  be  introduced  by 
indenting  the  surface  with  a  diamond  point.  For  these,  the  crack  lengths 
and  depths  could  not  be  controlled  as  they  were  for  the  larger  cracks. 

Flexural  strength  measurements  were  performed  using  a  four- 
point  loading  device  (shown  in  Fig.  2)  that  used  tool  steel  rods 
(0.30  cm  diameter)  contained  in  ,:v"  grooves  to  load  the  specimen.  The 
distance  between  inner  and  outer  loading  positions  were  1.90  and 
3.80  cm,  respectively.  A  crosshead  speed  of  G.05  cm/min  was  used. 

All  strength  measurements  were  conducted  in  a  liquid  nitrogen 
ambient  to  minimize  crack  extension  prior  to  catastrophic  fracture  due 
to  stress  corrosion. ^  It  was  found  that  crack  extension  during  the 
cooling  from  room  temperature  to  77°  K  could  be  avoided  by  quickly 
imnersing  the  whole  specimen  into  the  liquid  nitrogen. 

The  strength  was  calculated  with  the  following  equation: 


'*1 

Strength  =  0  =  (3) 

where  M  =  bending  moment,  t  =  specimen  thickness,  and  I  =  moment  of 
inertia  of  the  rectangular  cross  section. 

The  crack  lengths  and  depths  were  measured  after  fracture 
using  a  microscope -cathetome ter  with  an  accuracy  of  ±  0.0001  cm. 

When  the  proper  oblique  lighting  was  used,  the  initial  crack  boundaries 


5 


-  /'VJ  ^vjii-  r < 


could  to  cle<*L  Xy  observed  on  the  fracture  surface  as  a  ridge  which  was 
causu-  V  the  sUght  change  in  the  fracture  plane  when  the  crack  was 
extended  during  fracture  (see  Pig.  3).  For  crack  lengths  <  0.03  cm,  this 
technique  could  not  be  used  due  to  the  uneven  fracture  surface  topography 
adjacent  to  the  crack.  Therefore,  the  crack  lengths  were  measured 
orlor  to  'racture  with  the  microscop e-cathetcmeter  using  oblique 
."T gating  to  illuminate  the  crack.  Depth  measurements  could  not  be  made 
*■  ase  smaller  cracks . 
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STRENGTH  RESUIITS 


Table  I  lists  the  strength *  the  crack  length,  the  crack 
depth,  and  the  ratio  of  crack  depth  to  crack  length  for  each  fractured 
specimen.  The  specimens  are  listed  in  the  order  of  the  strongest  to 
the  weakest.  All  cracks  were  send. -elliptical  in  shape. 

All  but  5  of  the  specimens  contained  cracks  that  were  snail 
relative  to  the  specimen’s  width,  i.e.,  c/w  <0.1.  Most  of  the  crack 
depths  were  comparable  to  the  specimen’s  thickness,  i.e.,  0.06  <  d/t  <  0.6. 

With  a  few  exceptions,  the  decrease  In  strength  corresponded 
to  an  increase  In  crack  length.  Because  the  cracks  were  semi-elliptical 
in  shape  (for  most,  0.15  <  n/c  <  0.30),  their  depths  were  dependent  on 
their  lengths;  thus,  in  most  cases,  the  strength  decreased  with 
increasing  crack  depth.  However,  when  the  strength  of  specimens  with 
similar  crack  lengths  but  different  crack  depths  were  analyzed,  it  was 
found  that  the  strength  did  not  vary  bj  more  than  ±  8/5  for  a  100?  change 
in  crack  depth.  This  analysis  suggested  that  the  crack  length  had  a 
greater  influence  on  strength  than  the  crack  depth.  The  Influence  of 
crack  depth  will  be  discussed  in  a  latter  section. 
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FRACTURE  SURFACE  TOPOGRAPH 


Several  different  topographical  features  cn  the  fracture 
surfaces  indicated  tne  mode  of  crack  propagation.  Besides  the  ridge 
that  marked  the  initial  crack  boundary,  much  smaller  ridges  outlined 
the  shape  of  the  moving  crack  front.  Hackle  and  crack  branching  were 
also  observed. 

The  smaller  ridges  were  the  only  topographical  features 
observed  on  specimens  containing  large  cracks.  Figure  4a  schematically 
illustrates  the  pattern  of  these  ridges  which  were  difficult  to 
photograph.  This  pattern  shows  that  the  major  axis  of  this  semi-elliptical 
shaped  crack  front  increased  at  a  greater  rate  than  its  minor  axis 
indicating  that  it  had  a  greater  velocity  along  the  tensile  surface  than 
through  the  specimen  thickness.  Hackle  developed  on  the  fracture  surface 
of  specimens  that  contained  smaller  cracks  (illustrated  in  Fig.  4b). 

The  pattern  of  ridges  indicated  that  the  hackle  hindered  the  crack  front 
movement.  Crack  branching  (shown  in  Fig.  4c)  occurred  for  the  smallest 
cracks.  From  these  observations,  it  was  apparent  that  the  amount  of 
stored  strain  energy  prior  to  fracture  (which  is  determined  by  the 

stress  at  fracture)  governed  the  crack  velocity,  which  in  turn  governed 

* 

the  amount  of  hackle  and  crack  branching  that  occurred. 

if - r?\ 

Yoffee  has  shown  that  crack  branchi ng  depends  on  crack  velocity . 
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EEIEFMrNATION  OF  A 


By  rearranging  Eq.  (1) ,  a  value  of  the  numerical  factor  A  was 
calculated  for  each  specimen: 


The  material  properties  y  =  A. 52  x  10^  ergs/cm2  arid  E  =  7.3^  x  1011  dyn/cm2 

(5) 

have  been  reported  previously  by  Widerhom  for  the  glass  slide 
caiposition  used  in  the  present  work.  Examining  the  results  of  these 
calculations  reported  in  Table  I,  one  can  see  that  A  lies  between 
2-k  and,  in  general,  A  increases  with  decreasing  strength.  These  results 
will  be  analyzed  with  respect  to  theoretical  results  obtained  by  Smith, 
et  al. 

The  stress  intensity  factor,  Kj,  has  been  calculated  by 
Smith,  et  al. ,  for  a  semi-circular  shaped  surface  crack  within  a  semi¬ 
infinite  plate  placed  in  pure  bending.  The  crack  that  they  considered 
was  small  relative  to  the  plate’s  width,  but  carp  arable  in  size  to  the 
plate’s  thickness  (t),  i.e.,  c/w  «  1,  and  c/t  =  0  tol.  Except  for 
the  crack  shape,  these  conditions  are  similar  to  the  experimental  cracks 
investigated  in  the  present  work.  Their  calculations  resulted  in  the 
following  expression: 

Kj  =  F  (5) 
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where  o  is  the  maximum  tensile  stress  on  the  surface  of  the  plate  (as 
determined  in  Eq.  (3)),  and  F  is  a  numerical  factor  with  a  value  between 
0.3  and  1.2  depending  on  the  position  along  the  crack  front  and  the  crack 
depth  to  plate  thickness  ratio  (d/t).  For  a  given  d/t,  F  was  largest 
where  the  crack  front  intercepted  the  surface,  and  smallest  at  the 
crack's  greatest  depth,  i.e.,  Kj  is  largest  at  the  surface.  Hence, 

Smith,  et  al. ,  showed  that  the  semi-circular  crack  would  grow  into 
a  semi-elliptical  shaped  crack  before  catastrophic  fracture  would  occur. 
For  such  an  equilibrium  shaped,  semi-elliptical  crack,  the  value  of  Kj 
would  be  the  same  for  all  positions  along  the  crack  front.  This 
condition  inplies  that  the  factor  F  in  Eq.  (5)  depends  only  on  the  d/t 
ratio.  Thus,  for  an  equilibrium  shaped,  semi-elliptical  crack, 
depends  only  on  the  d/t  ratio  and  the  length  of  the  crack  (c)  as  measured 
on  the  surface. 

The  relation  between  K_  and  the  material  properties  y  and  E 

i/8> 

Kj  =  .  (6) 

3y  canbining  Eas.  (1),  (5)  and  (6)  a  relation  between  A  and  F  is 
obtained: 


Since  F  depends  only  on  the  crack  depth  to  specimen  thickness  ratio  (d/t) 
this  relation  suggests  that  the  experimental  values  of  A  should  depend 
on  the  d/t  ratio.  Figure  5  illustrates  the  values  of  A  for  c/w  <  0.1 


plotted  against  d/t.  The  solid  curve  in  this  figure  illustrates  the 
theoretical  values  of  A  derived  from  Eq.  (7)  using  the  minimum  values 
of  F  reported  by  Smith,  et  al.  Although  the  experimental  values  of  A 
show  much  scatter,  they  also  increase  as  d/t  increases  similar  to  that 
of  the  theoretical  curve.  Thus,  it  was  concluded  that  the  numerical 
factor  A  in  Griffith's  equation  depends  on  the  crack  depth  to  specimen 
thickness  ratio.  The  scatter  in  the  experimental  values  of  A  is  most 
likely  due  to  both  the  errors  in  crack  size  measurements  and  the  fact 
that  most  cracks  were  not  of  an  equilibrium  shape. 

The  results  of  Smith,  et  al. ,  shew  that  the  equilibrium 
shape  of  the  semi-elliptical  crack  depends  on  the  d/t  ratio.  As  d/t 
increases,  the  c/d  ratio  also  increases.  Examination  of  Table  I  shows 
that  this  relation  was  not  followed  for  the  cracked  glass  plates. 


DISCUSSION 


This  woi'k  has  shown  that  values  of  A  lie  between  1.8  and  3-5 
depending  on  the  crack  depth  to  specimen  thickness  ratio  (d/t).  When 
d/t  0,  which  may  be  the  condition  most  expected  for  very  small  cracks 
In  large  flexural  ceramic  bar  specimens,  A  is  equal  to  either  /iT based 
on  the  theoretical  results  of  Snith,  et  al. ,  or  ^  2  based  on  the 
experimental  results  obtained  in  the  present  work.  The  value  of  A 
chosen  for  determining  the  crack  size  responsible  for  fracture  is 
important  since  it  is  a  squared  factor  (see  Eq.  (2)).  Many  investigators, 
including  this  author,  have  used  values  of  A  not  applicable  tc  flexural 
strength  measurements  which  have  resulted  in  crack  size  estimates  2-4 
times  too  small.  This  is  particularly  important  when  crack  size 
estimates  are  related  to  microstructure,  e.g.,  grain  size,  to  explain 
the  strength  behavior  of  polycry stalline  ceramics. 

Another  inportant  implication  of  this  work  Is  that  a  similar 
surface  crack  in  two  different  specimens  sizes  can  result  in  a  significantly 
different  strength.  This  can  be  seen  by  examining  the  effect  of  the  d/t 
ratio  on  A  (Fig.  5)-  For  fixed  crack  dimensions,  A  is  larger  for  a 
specimen  where  d/t  0.5,  relative  to  a  thick  specimen  where  d/t  -*■  0, 
i.e.,  very  thin  specimens  are  expected  to  have  a  higher  flexural  strength 
than  thick  specimens. 
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The  effect  of  specimen  thickness  on  strength  was  examined  for 
hot-pressed  silicon  nitride  fabricated  for  another  investigation.  Two 
sets  of  bar  specimens  (approximate  dimensions:  thick  bars:  0.32  x  0.63  x 
3.2  cm;  thin  bars:  0.07  x  0.32  x  3-2  cm)  were  diamond  cut  from  the 
same  hot-pressed  disc.  Both  sets  were  placed  in  4  point  flexural 
loading  (distance  between  inner  points  =  0.635  cm,  outer  points  =  1.875  cm). 
The  thick  bars  had  in  a  flexural  strength  of  75,000  ±  2%  psi,  whereas 
the  thin  bars  had  a  strength  of  97,000  ±  15%  psi.  The  crack  size  was 
estimated  to  be  IhO  urn  based  on  y  =  39,000  ergs/cm  (fracture  energy 
measurements  were  made  on  the  same  hot -pressed  disc),  E  =  44.5  x  10^  psi, 
a  =  75,000  psi  and  A  =  /iT  .  The  higher  strength  of  the  t'nin  bars  is 
likely  due  to  a  larger  value  of  A  relative  to  the  thick  bars.  The 
decreased  volume  under  stress  can  also  cause  the  thin  specimens  to 
exhibit  a  higher  strength.  Thus,  the  crack  size  to  specimen  thickness 
ratio  must  be  considered  when  designing  flexural  strength  experiments. 
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STRENGTH,  CRACK  DIMENSIONS,  AND  THE  NUMERICAL  FACTOR  A  FOR  GIASS  SPECIMENS  t 
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